Juan Andrés Cabral

Exchange economy with quadratic disutility functions

In an economy there are two consumers, A and B, who are endowed with two commodities, z and y.
The preferences of these consumers are given by the following utility functions:

2 2
UA = —Ta—Ya
2 2
up = —Tp —Yp

Consumer A has an initial endowment wy = (1,0), while consumer B has an initial endowment

wp = (3,4). Answer the following:
What relative price equilibrates the market? What are the consumption bundles of both consumers
after trade?
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Even though the statement refers to x and y as goods, the utility functions

2 2 2 2
Ug=—TH—Ya UB=-Tp—Yp

show that both consumers dislike larger quantities of both commodities. Thus, this is an exchange
economy with bads
If prices were positive, each consumer would choose

(z1,9:) = (0,0)

because consuming less of both bads increases utility. Since this cannot clear markets, there is no
Walrasian equilibrium with positive prices. Therefore, equilibrium must be supported by negative prices
Let

De = —qx Dy = —qy 4z >0, q,>0

Then the relative price is

Pr _ 4

Py Qy

Consumer A solves

max —xi — yi
TAYA

subject to

P2TA + PylYa < pacwf\ + pyw}{&

Since wy = (1,0), this becomes

—qzTA — dyYa < =

or equivalently

QzTA + Qyya 2 qa

So consumer A solves the equivalent minimization problem

min 2% + y4
TAYA

subject to

qzTA + qyyA >z
The Lagrangian is

La=24+y4+ (g — qura — qyya)

The first-order conditions are

%ﬁ=mm—m%=o
T A

oL

=4 =24 — Aagy =0
OL

w:%c_q;czA_nyA:O

From the first two conditions,
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Ta = /\Aqgc _ )\AQy
A 9 Yya 9
Substituting into the constraint,
Aaq Aaq
o (M0 g, (222 -,
Aa
> (fﬁ + qi) ={z
24
Ag =
a +aq;
Hence,
_ @ R
a +q; qaz +q;

Now consumer B solves

subject to

DPa®B + DyyB < Pawh + Dywh

Since wp = (3,4), this becomes

—qzTB — 4yYB < _(?’Qm + 4qy)

or equivalently

4zTB + quyYB > 3¢z + 4qy

Thus, consumer B solves

min 7% + y5
TB,YB

subject to

GzTB + quyYB > 3¢z + 4qy

The Lagrangian is

Ly =1%+ v} + \p (3¢ + 49y — @oB — 9,Y5)

The first-order conditions are

oL
7B:2$B—)\quj20
8933
oLp
— =2y — A =0
e YB B4y

ILB

g 3¢z +4qy — ¢zTB — qyyp = 0

Thus,
oy = (B% _ Bty

B D) YB 9
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Substituting into the constraint,

An

5 (€2 +4)) = 3a. + gy

_ 2(3¢x +4qy)

AB
a2 +q2

Hence,

Tg = 02 (3qs + 4Qy) yp = Qy (3qz + 4‘1@/)
a2 +q2 a2 +q2

Now impose market clearing. Total endowments are
z=1+3=4 y=0+4=4
Thus,

Ta+rp=4 ya+yp =4

Using the demands above,

q (3¢ +4qy)
4 +q; a +q;

g2 + 4429y _
qa +aq;

@G+ Gty =4+ q,

Ty = 4,
qzr = 4y
Therefore,
Pe_ e
Dy dy
A convenient normalization is
Pz =Dy = -1
With ¢, = gy, the equilibrium bundles are
1 1
x = - = -
ATo  YATg
g T 7
B = B YB = B

So the equilibrium allocation is

(w4,94) = <; ;) (xB,yB) = (; ;)

Hence, the market-clearing relative price is 2—‘
Yy

and the equilibrium allocation is (é é) for A and (%, 2) for B


https://cabraljuan.github.io

